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It has recently been proposed to formulate eddy diffusivities in ocean models based on a mesoscale eddy
kinetic energy (EKE) budget. Given an appropriate length scale, the mesoscale EKE can be used to estimate an
eddy diffusivity based on mixing length theory. This paper discusses some of the open questions associated
with the formulation of an EKE budget and mixing length, and proposes an improved energy budget-based
parameterization for the mesoscale eddy diffusivity. A series of numerical simulations is performed, using
an idealized flat-bottomed SB-plane channel configuration with quadratic bottom drag. The results stress the
importance of the mixing length formulation, as well as the formulation for the bottom signature of the
mesoscale EKE, which is important in determining the rate of EKE dissipation. In the limit of vanishing plane-
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Eddy diffusivity tary vorticity gradient, the mixing length is ultimately controlled by bottom drag, though the frictional arrest
BMetioscafie scale predicted by barotropic turbulence theory needs to be modified to account for the effects of baroclinic-
ottom flow

ity. Any significant planetary vorticity gradient, 3, is shown to suppress mixing, and limit the effective mixing
length to the Rhines scale. While the EKE remains moderated by bottom friction, the bottom signature of EKE
is shown to decrease as the appropriately non-dimensionalized friction increases, which considerably weak-
ens the impact of changes in the bottom friction compared to barotropic turbulence. For moderate changes
in the bottom-friction, eddy fluxes are thus reasonably well approximated by the scaling relation proposed

Rhines scale

by Held and Larichev (1996), which ignores the effect of bottom friction.
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1. Introduction

The ocean circulation is strongly influenced by mesoscale turbu-
lent eddies (e.g., Gill et al., 1974; Johnson and Bryden, 1989; Hall-
berg and Gnanadesikan, 2006; McWilliams, 2008; Waterman et al.,
2011). However, the resolution of most current global ocean mod-
els is insufficient to resolve these eddies. Most current IPCC-class
climate models use ocean components with typical horizontal res-
olutions of about one degree or coarser (Flato et al., 2013). Longer-
term simulations, as used for paleo-climate applications, require even
coarser grids, due to the prohibitive computational costs associ-
ated with long-term simulations at high resolution. At resolutions of
about one degree or coarser, mesoscale eddies cannot be resolved,
and their effects on the transport of tracers and physical proper-
ties must be parameterized (e.g., Hallberg and Gnanadesikan, 2006).
Even when much higher resolutions are used and eddies are present
in the tropics and subtropics, the effects of eddies will still need
to be parameterized at higher latitudes and in near-coastal waters
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(Hallberg, 2013). Mesoscale eddy effects are typically parameterized
with a tracer diffusion, which is strongly enhanced in the along-
isopycnal direction (Redi, 1982), together with a closure based on
Gent and McWilliams (1990) (hereafter: GM). The GM parameteriza-
tion acts to flatten isopycnals by re-arranging water masses adiabati-
cally. A closure of this form is motivated by the fact that eddies extract
available potential energy stored in the mean flow, by rearranging
water masses adiabatically (Gent et al., 1995). In an isopycnal layer
model (which is naturally adiabatic) the GM parameterization can be
described as a diffusion of the interface height between isopycnal lay-
ers (Gent et al., 1995; Vallis, 2006; Hallberg, 2013). A major question
that remains is what sets the eddy tracer and interface height dif-
fusivities. It is clear that both coefficients should vary in space and
depend on properties of the resolved flow itself. Some dependence of
the eddy diffusivity on the resolved flow is now commonly included
in numerical ocean models (e.g., Farneti and Gent, 2011). However,
exactly how this dependence should look remains unclear - yet it is
of primary importance for the response of eddy transports to changes
in the external forcing.

It has recently been proposed to formulate the eddy diffusivity
based on a mesoscale eddy kinetic energy (EKE) budget (Cessi, 2008;
Eden and Greatbatch, 2008; Marshall and Adcroft, 2010). Both the
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tracer and interface height eddy diffusivities are expected to scale
with a typical eddy velocity times a mixing length. The eddy veloc-
ity can be inferred from the EKE, leaving the mixing length scale to be
specified. A generally applicable scaling relation for the mixing length
has not yet been derived. However, even assuming a constant mixing
length, an EKE budget based parameterization may be expected to be
superior to the assumption of a constant eddy diffusivity, as it takes
into account the dependence of the eddy velocity on the mean state.

The goal of this paper is to build upon some of the arguments pro-
posed by Cessi (2008), Eden and Greatbatch (2008) and Marshall and
Adcroft (2010). We will analyze a series of idealized numerical sim-
ulations, test some of the assumptions made in these previous stud-
ies, and discuss their implications for the estimated eddy diffusivity.
Based on these considerations, we will propose an improved param-
eterization for the mesoscale eddy tracer diffusivity and GM transfer
coefficient.

One focus here will be on the role of frictional dissipation. The
EKE level in a statistical equilibrium is controlled by a balance be-
tween the net transfer of energy from the large-scale mean flow to
EKE (by instabilities of the mean flow) and the dissipation of EKE. It
has therefore been argued repeatedly that frictional dissipation must
be important in controlling the level of EKE and with it the eddy diffu-
sivity (e.g., Arbic and Flierl, 2004; Thompson and Young, 2007; Arbic
and Scott, 2008; Cessi, 2008). However, none of the traditional pa-
rameterizations for the mesoscale eddy diffusivity (e.g., Green, 1970;
Stone, 1972; Held and Larichev, 1996; Visbeck et al., 1997) includes
any explicit dependence on parameters characterizing frictional dis-
sipation. Of the EKE budget based arguments cited above, only Cessi
(2008) and Marshall and Adcroft (2010) explicitly consider the role of
frictional dissipation. In both cases frictional dissipation is described
by a simple linear loss term in the EKE budget, seemingly consistent
with the linear bottom drag assumed in the numerical simulations
considered in these studies.

In addition to the role of frictional dissipation on the eddy en-
ergy budget, we will also make a new attempt at characterizing what
sets the eddy mixing length. In the limit of vanishing planetary vor-
ticity gradient and topography, the mixing length is ultimately lim-
ited by bottom friction. However, the frictional arrest scale predicted
by barotropic turbulence theory (Grianik et al., 2004; Held, 1999)
needs to be modified to include effects associated with baroclinicity.
Moreover, any significant planetary vorticity gradient, g, is shown to
suppress mixing, and limit the effective mixing length to the Rhines
scale.

This paper focusses on some of the theoretical challenges in the
formulation of the EKE budget and mixing length. A variant of the
EKE budget equation is introduced in Section 2. In Section 3, we show
results from a series of idealized numerical simulations, with the dis-
cussion focussing primarily on the mixing length, as well as the ver-
tical structure of EKE - which controls the dissipation rate of EKE via
bottom friction. In Section 4, we then use the results for the mixing
length and vertical structure of EKE to derive a scaling relation for
the eddy diffusivity, assuming a spatially and temporally local bal-
ance of EKE generation and dissipation (similar to Cessi, 2008). In
Section 5, we discuss some outstanding questions and directions for
future work, and we conclude with a summary of the main results in
Section 6.

2. The EKE budget

Eden and Greatbatch (2008) formulate a predictive equation for
the three-dimensional field of mesoscale eddy kinetic energy, for use
in a numerical model which does not resolve the mesoscale flow.
Such a local budget leaves some arbitrariness as to the exact formula-
tion of large-scale to mesoscale energy transfer terms, with different
formulations differing by flux terms, which vanish in a global integral,
but may be large locally. Moreover, using any formulation, flux terms

do arise and need to be parameterized. This provides a challenge in
particular for the computation of the vertical structure of mesoscale
EKE, which typically organizes mostly into the barotropic and lowest
baroclinic modes (Wunsch, 1997). For simplicity, we here formulate
a budget equation only for the total vertically integrated mesoscale
EKE (as also done by Cessi, 2008), thus circumventing the need for an
explicit parameterization of vertical EKE fluxes.

If we assume that the effect of mesoscale eddies on the large scale
flow is represented by the GM parameterization and a viscous stress
term, we can write the mesoscale EKE budget equation as

atEZE.GM_Efric_V'T~ (1)

Ecy is the energy loss of the large-scale flow associated with the GM
parameterization - which parameterizes the conversion of large-scale
available potential energy into mesoscale EKE by baroclinic instabil-
ity. E fric represents frictional dissipation of mesoscale EKE, and T de-
notes the horizontal transport of mesoscale EKE.

The simulations discussed in this paper employ an isopycnal layer
model, in which the effect of the GM parameterization is obtained by
a diffusion of the layer interface height, and thus

) 1 .,
Ecu = ﬁXi:gJiKnWﬂH (2)

where H is the total depth, g; is the reduced gravity at the ith layer in-
terface, 7; is the interface height displacement of the large-scale “re-
solved” flow, and Kj, is the interface height diffusivity, which is analog
to the GM coefficient in a z—coordinate model (Gent et al., 1995; Val-
lis, 2006; Hallberg, 2013). The sum is here taken over all layer inter-
faces. As mentioned above, there is some freedom as to how exactly
this term is formulated, with the difference between formulations
amounting to a flux term, which vanishes upon global integration but
not locally. The formulation in Eq. (2) has the desirable property that
it is locally positive definite.

We don’t include a direct transfer of kinetic energy between the
large-scale resolved flow and the mesoscale eddies. A direct transfer
from large-scale KE to mesoscale EKE represents the source of EKE in
barotropic instability (e.g. Marshall and Adcroft, 2010), which, how-
ever, is not expected to be important in the simulations discussed be-
low. In general, the sign of the net kinetic energy transfer between
the large-scale flow and mesoscale eddies remains unclear. Jansen
and Held (2014) propose to include a “backscatter” of KE from sub-
grid scales to the resolved flow in eddy permitting models, to rep-
resent the up-scale transfer of EKE in geostrophic turbulence. Even
at coarser, non-eddying, resolution such a backscatter term (which
can drive jets and Taylor caps) may be of at least similar magnitude
to the potential source of mesoscale EKE associated with barotropic
instability. For simplicity neither barotropic instability nor energy
backscatter are included in the EKE budgets discussed here.

E fric 1 the frictional dissipation of EKE. Unlike three-dimensional
isotropic turbulence, geostrophic turbulence does generally not ex-
hibit a direct kinetic energy cascade towards the micro-scale, where
energy can be dissipated effectively by the molecular viscosity.
This lack of a direct EKE cascade opens up the question of how
mesoscale EKE is dissipated in the ocean. While the exact pathways
of mesoscale EKE to dissipation remain unknown and heavily de-
bated (e.g. Wunsch and Ferrari, 2004; Ferrari and Wunsch, 2009),
there is both observational and numerical evidence for strongly en-
hanced dissipation near the bottom boundary, where rough topog-
raphy generates energy transfers into internal waves and boundary
layer turbulence (e.g. Ledwell et al., 2000; Nikurashin et al., 2013). In
the numerical simulations discussed in this study frictional dissipa-
tion near the bottom boundary is parameterized using a quadratic
bottom drag. A quadratic drag law follows directly from dimen-
sional considerations, and is widely used in numerical ocean models
(Egbert et al., 2004; Gill, 1982; Willebrand et al., 2001). Consistent
with our numerical model we formulate the frictional dissipation of
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mesoscale EKE as
: G
Efric = 77 1Up|2Es. (3)

Here |Uy| = [UZ + [V(z = —H)|? + 2E}]'/2 is the total velocity near the
bottom. |V(z = —H)|? is the large-scale (resolved) flow in the bot-
tom layer, and Uj is an unresolved background velocity, representing
e.g. tidal motions, which effectively leads to an additional linear drag
component. Notice, that it is only the EKE near the bottom, E;,, which
enters the dissipation via bottom friction. To obtain a closed budget
for the mesoscale EKE, we thus need to know the ratio of the EKE near
the bottom to the total EKE. This parameter will be discussed in more
detail in Section 3.5.

While appropriate for the numerical simulations discussed in this
study, it remains an open question whether Eq. (3) adequately cap-
tures the bulk of the mesoscale EKE dissipation in the real ocean. A
better understanding of the pathways to dissipation of mesoscale EKE
in the real ocean thus remains an important topic of future research
(see also Section 5).

T denotes the horizontal transport of EKE. Eden and Greatbatch
(2008) and Marshall and Adcroft (2010) parameterize this term by a
diffusion of EKE and advection by the resolved large-scale flow. In
practice flow-relative eddy propagation is arguably at least as im-
portant as mean flow advection, with the former dominating the net
eddy propagation over most of the ocean (e.g., Chelton et al., 2007;
Klocker and Abernathey, 2014; Klocker and Marshall, 2014).! Cessi
(2008) ignores the transport of EKE, assuming a local balance be-
tween generation and dissipation of EKE. A similar approach will be
followed here. The assumption of a local mesoscale EKE balance is ex-
pected to be adequate for most of our simulations, which use a zon-
ally symmetric channel model. However, an accurate parameteriza-
tion of EKE transports will likely be of greater importance in a more
realistic ocean configuration, and thus provides an important topic
for future work.

2.1. The tracer diffusivity and GM coefficient

Once an EKE budget is formulated, it can be used to infer an eddy
diffusivity. Here, we are primarily interested in the interface height
diffusivity, which appears in the energy budget equation (1). The
passive tracer and potential vorticity (PV) diffusivities are expected
to scale largely similarly to the interface height diffusivity in a bulk
sense, though their vertical structures may differ substantially (e.g.,
Abernathey et al., 2013). In the two-layer simulations discussed be-
low, the PV diffusivities in both layers can be inferred directly from
the interface height diffusivity, as long as the flow is well approxi-
mated by planetary geostrophic scaling (Vallis, 1988). In the limit that
the contribution of 8 to the PV gradient is small, all diffusivities are
identical.

Mixing length theory (Plumb, 1979; Prandtl, 1925) suggests that
the eddy diffusivity scales as the product of a characteristic eddy ve-
locity times a mixing length, L,;,:

K ~ \/E X Lmix- (4)

Cessi (2008), Eden and Greatbatch (2008), and Marshall and Adcroft
(2010) all use the formulation in Eq. (4), but with differing assump-
tions for the mixing length, L,,;. In the following section we will an-
alyze a range of numerical simulations to test the scaling relation in
Eq. (4) and determine what controls the mixing length.

Cessi (2008) argues that the characteristic eddy velocity should
be based on the barotropic mode EKE only, since the geostrophic flow

1 Some of this work focuses on the observed or inferred eddy phase speeds, while
EKE is expected to propagate with the group velocity. However, it also appears that the
dispersion relation typically shows only weakly dispersive behavior, suggesting that
phase and group-propagation are likely to be roughly similar (e.g. Early et al., 2011,
and references therein).

associated with a given baroclinic mode cannot advect baroclinicity
associated with that same mode. This argument is expected to hold
well if the flow is dominated by the barotropic and first baroclinic
mode only, which is likely to be true over most of the ocean (Wunsch,
1997). The argument is also expected to hold in the two-layer model
simulations discussed below, which by construction support only one
baroclinic mode.

3. Numerical simulations
3.1. Model description

We performed a series of numerical simulations using a flat-
bottomed, periodic channel configuration of MOMS6, with two adia-
batic vertical layers, similar to the setup discussed by Hallberg (2013).
The domain is 1600 km wide in the meridional direction, 1200 km
long in the zonal direction, and 2000 m deep. The zonal mean in-
terface height (in the following loosely referred to as “pycnocline
depth”) is restored to a hyperbolic tangent profile on a relatively fast
time-scale (10d), but with no damping of anomalies relative to the
zonal mean. Like a zonally-symmetric wind-stress, the forcing thus
does not directly impact the eddy energy budget. The baroclinic zone
is here somewhat wider than in Hallberg (2013), with a hyperbolic
tangent profile with a characteristic width of 800 km. The pycnocline
depth varies across the baroclinic zone from about 800 m in the south
to about 200 m in the north. The equilibrium solution for the restor-
ing is shown in Fig. 1. EKE is dissipated primarily by bottom drag,
which is described via a quadratic drag law, as discussed in Section 2.
A weak background velocity Uy = 1cm s~ is included in the formu-
lation of the bottom drag, but has relatively little impact in the more
energetic region near the center of the jet. Enstrophy is dissipated
near the grid-scale using a biharmonic viscosity, with a viscosity coef-
ficient following Smagorinsky (1963) (see Griffies and Halberg, 2000,
for the biharmonic formulation applied here).

A series of simulations is analyzed, with differing buoyancy
contrasts across the two layers: Ap/py = (0.75,1.5,3.0) x 1073,
differing Coriolis parameters: fy = (0.56,1.1,2.2) x 10~% s~!, and
differing planetary vorticity gradients: 8 = (0,0.75,1.5,3) x 10-11
m~! s~1. The simulations use a B-plane approximation, with f; here
referring to the Coriolis parameter in the middle of the domain.
The planetary vorticity gradient, 8 = dyf is constant over the do-
main. Each parameter is varied separately with the other param-
eters fixed at their reference value (marked above in bold face),
which yields 8 different parameter sets. For all resulting parame-
ter sets, the bottom drag coefficient is varied between 8 values:
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Fig. 1. Interface height (grey line) and associated geostrophic velocity (shading) for
the equilibrium solution of the restoring forcing. The bottom layer is motionless due to
the lack of a momentum forcing and presence of bottom drag.
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Fig. 2. Snapshot of upper-layer relative vorticity for the reference simulation with
Cy=0.01.

Cy = (0.625,1.25,2.5,5, 10, 20, 40, 80) x 103, which yields a total
of 8 x 8 = 64 simulations. The bottom drag coefficient is typically as-
sumed to be constant in ocean models, which might make it seem ir-
relevant to consider a range of simulations with varying bottom drag.
The reasoning to consider a wide range of bottom drags here is at least
two-fold. First, there is a theoretical interest in exploring the role of
frictional dissipation in controlling the eddy statistics. Moreover, we
will argue below that the relevant non-dimensional parameter char-
acterizing the role of frictional drag, is the ratio of a frictional length
scale to the deformation radius, which may vary considerably even
if the drag coefficient remains constant. Eventually, the drag coeffi-
cient may indeed vary significantly in the real ocean, depending on
the small-scale topographic roughness (e.g. Ozgokmen and Fischer,
2008).

The total range of deformation radii over the domain and
parameter-range used here extends from 8.1 km at the northern end
of the domain in the simulations with fy =2 x 1074 s~! to 53 km
at the southern end of the domain and for the simulations with
fo =0.5 x 10~% s~1, Near the center of the baroclinic jet, the smallest
deformation radius is about 12 km (again for the simulations with
fo=2x10"% s71). Using a similar setup, Hallberg (2013) showed
that a resolution of one to two grid-points per deformation radius
is sufficient to obtain adequately resolved eddy fluxes, with the exact
value dependent on the supercriticality of the background flow. Based
on these results, we choose a grid-spacing of 5 km, which should be
adequately eddy-resolving over the entire parameter range. All simu-
lations are spun-up to a statistical equilibrium for 10 years, and statis-
tics are computed for 10 years following this initial spin-up period.

Notice that our model setup is highly idealized, and lacks sev-
eral ingredients that may be of importance in the real ocean, such as
continental boundaries, bottom topography, or higher vertical modes
(which would require more vertical levels). This and the following
section will focus on understanding and parameterizing the turbu-
lent flow properties arising in this idealized numerical model. The
limitations of the model for the interpretation of processes in the real
ocean will be discussed in Section 5.

3.2. General results

Fig. 2 shows a snapshot of relative vorticity in the upper layer for
a simulation with the reference case parameters and C; = 1 x 1072,
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Fig. 3. Time and zonal mean interface height (solid gray line) and zonal velocity (shad-
ing) for the reference simulation with C; = 0.01. The dashed grey line (largely indis-
tinguishable from the solid gray line) shows the interface height for the equilibrium
solution of the restoring forcing.

We see vigorous eddy activity in the baroclinically forced region be-
tween about y = 400 km and y = 1200 km. Fig. 3 shows the zonal
mean flow associated with this simulation. Due to the fast restoring of
the zonal mean interface height, the large-scale slope of the interface
changes little relative to the restoring profile, despite the obvious vig-
orous eddy activity. Since the flow is largely geostrophically balanced,
this implies relatively small deviations of the large-scale baroclinic
mean flow from the equilibrium state of the restoring (compare to
Fig. 1). However, two localized eastward jets are spun up near the do-
main center, which extend into the lower layer. The eastward jets in
the lower layer are accompanied by broader westward flows further
north and south. The lower layer flow here is driven entirely by eddy
momentum fluxes, since the frictional drag acting on the deep-ocean
flow is balanced only by the vertically integrated eddy momentum
flux convergence. Lower layer jets thus cannot be generated if eddy
effects are parameterized solely by a GM parameterization, or inter-
face height diffusion, which does not generate a net momentum flux.
The snapshot in Fig. 2 suggests that the jets here are relatively weak
as compared to the eddies, and thus become apparent only in time-
and zonal averages.

3.3. The bulk eddy diffusivity

In this paper we are most interested in the eddy-driven mass
transport, which can be related to the mean baroclinicity by an eddy
interface height diffusivity, and which typically represents the major
source of EKE (see Eq. (2)). Since the domain and forcing are zonally
symmetric, it is natural to define eddies as deviations from the zonal
average. Due to mass continuity, the long-term mean eddy driven
mass transport in the upper and lower layer are approximately equal
and opposite, and we can compute an eddy driven overturning circu-
lation as

W= (), (5)

where v; and h; represent the upper layer meridional velocity and
layer thickness, respectively. The overbar denotes a zonal average,
with primes denoting deviations from the zonal mean, and () de-
notes a time average, here taken over the last ten years of each sim-
ulation. The resulting eddy driven overturning transports are shown
in Fig. 4, for three example simulations, with the reference param-
eter values for fy, B, and Ap/pg, but three different values for the
bottom drag coefficient: the lowest, highest and one intermediate
value. As expected, the eddy driven overturning circulation is overall
largest where the baroclinic forcing is strongest and decays towards
the northern and southern ends of the domain. The peak overturning
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Fig. 4. Solid: eddy-driven overturning mass transport for three different values of the
drag coefficient (see legend). Dashed: overturning mass transport inferred by using
a diffusive closure for the thickness flux with a constant eddy diffusivity computed
separately for each case as defined in Eq. (6) . The thin vertical dashed lines indicate
the region that is used to compute averaged quantities.

circulation varies between about 1 m? s~ for the simulation with the
strongest frictional drag, to about 4 m? s~ ! in the simulation with the
weakest drag. If we were to extrapolate this to a 20000 km circumpo-
lar channel, we would obtain an overturning transport of about 20-
80 Sv, which is on the same order as the eddy driven overturning
transport in the antarctic circumpolar current (ACC), with the lower
end likely being more realistic (e.g. Mazloff et al., 2013).

While Fig. 2 through 4 show obvious meridional variations in the
eddy and mean flow statistics, the focus of this paper is on the bulk
parametric dependence of the eddy diffusivity. For this purpose we
will compute averaged quantities for each simulation, with averages
taken over the more strongly baroclinic region in the center of the
domain, between y = 500km and y = 1100 km. Specifically, a bulk
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where dy1 is the slope of the layer interface and [ ] denotes the merid-
ional average. Notice that W1 = vihy ~vin' =~ vn’, where v; is the
barotropic velocity. In the second step we ignored the (very small)
contributions to the layer thickness associated with the free sur-
face, while in the last step we made the geostrophic approximation,
which implies that (v; — v5)'’ « —dx1’n’ = 0. The quantity defined
by Eq. (6) can thus be interpreted as an eddy interface height diffu-
sivity, which is governed by the barotropic flow. The definition in (6)
is also equivalent to the GM coefficient in a z-coordinate model (e.g.,
Gent et al., 1995; Vallis, 2006). The time- and meridional-averages
in Eq. (6), are taken separately in the numerator and denominator
to ensure that the bulk eddy diffusivity remains well defined if the
interface height slope is weak at certain times and locations. Fig. 4
shows estimates of the time-mean eddy driven overturning circula-
tion obtained by multiplying the thus defined eddy diffusivity by the
zonal mean interface height slope. The bulk eddy diffusivity success-
fully captures the bulk eddy transport over the region used to com-
pute the average. However, Fig. 4 also shows that a globally constant
eddy diffusivity would yield a poor representation of the local eddy
transport in some regions.

The bulk eddy diffusivity obtained for all simulations is shown
in Fig. 5a, as a function of the drag parameter. The eddy diffusivity
varies widely with both the frictional drag as well as other parame-
ter changes, ranging from about 400 m? s~! to about 50,000 m? s~!.
The reference setup at realistic intermediate drag values has dif-
fusivities around 4000 m? s~!, which is significantly larger than
values typically found over most the ocean (e.g. Abernathey and
Marshall, 2013). Relatively large eddy diffusivities are expected for
our reference case setup, because the baroclinicity is characteristic
of that found in the more energetic regions of the Southern Ocean
(which served as a rough motivation for the setup), while the defor-
mation radius is significantly larger than in the Southern Ocean. This
is not likely to limit the interpretability of the results in the context
of the real ocean, since the dynamical properties of the flow depend
only on the non-dimensional parameters (which will be discussed
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Fig. 5. (a) Eddy diffusivity against the bottom drag coefficient for all simulations performed for this study. (b) Eddy diffusivity non-dimensionalized by [Ly] and [o¢] against the
non-dimensionalized frictional length scale L¢/[Ly]. In both figures, pluses denote the simulations with the reference parameter set, crosses denote the simulations with doubled
(black) and halved (gray) layer density contrast Ap, squares denote the simulations with doubled (black) and halved (gray) planetary vorticity gradient 8, diamonds denote the
simulations with doubled (black) and halved (gray) Coriolis parameter f;, and circles denote the simulations with 8 = 0.
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Table 1

Overview of derived bulk quantities defined in this paper (see text for details). Dimensions are given in terms of length (L) and
time (T). All non-dimensionalized quantities discussed in this paper are normalized using the deformation radius and Eady growth

rate (marked in bold).

Symbol  Description Definition Dimensions

[Lq4] Deformation radius [< —V%’T“ )] L

[oE] Eady growth rate V& /H[(9y7)] T

K] Eddy (interface-height) diffusivity [}5% L2T-1

[E] Eddy kinetic energy (EKE) W [2T-2

[E] Bottom EKE L)) [2T-2

[E] Barotropic EKE [((h\lh+hzuz);;”§h|V1+hZV2)'1)] [2T-2

y Bottom to barotropic EKE ratio [Ep1/[E¢] None

Ly Frictional scale H|Cy L

[Lg] Rhines scale [E]V4B-12 L

Lpc Width of baroclinic zone 800 km L

Liy Effective mixing length implie Larichev and Held (1995) scalin E; ol L

[Lin] ffective mixing length implied by Larich d Held (1995) scaling ~ [Ec]'"[o]"!

[Larr] Effective frictional arrest scale y 2Ly L
below). The lack of topography in our simulations likely causes an- defined as
other bias towards larger eddy diffusivities, as compared to the real _

- B i e TP [o6] = /2 /HI(3,7)]. (8)

ocean. We will return to this issue in the discussion.

For most of the parameter sets considered here, the eddy diffu-
sivity increases as the frictional drag is reduced, which might be ex-
pected considering the reduced dissipation of eddy energy. However,
for the simulations with doubled planetary vorticity gradient (black
squares) and halved Coriolis parameter (gray diamonds), the eddy
diffusivity instead decreases for low frictional drag values. At the very
weakest drag values, a slight decrease in the eddy diffusivity is also
found in some of the other simulations.

To understand the variability of the eddy diffusivity observed
in 53, it is helpful to consider the most relevant non-dimensional
parameters. Following homogeneous, quasi-geostrophic scaling, we
may expect the four most relevant dimensional parameters to be
given by the deformation radius, Ly, an Eady growth rate, o g4qy, the
planetary vorticity gradient, 8, and a frictional length scale L; ~
H/Cy. Ly may be thought of as the scale at which the frictional de-
cay time-scale for a barotropic perturbation, 7y ~ LU -1, equals the
eddy overturning time-sale, T,4qy, ~ LU, In barotropic turbulence,
Ly represents the halting scale of the inverse energy cascade Grianik
et al. (2004); Held (1999). Normalizing length scales by L; and time-
scales by o gqqy, we are left with two non-dimensional parameters:
the non-dimensionalized frictional length scale, Ly/Ly, and the non-
dimensionalized planetary vorticity gradient, 8* = BLg/0 gqqy, Which
is inversely proportional to the super-criticality of the flow to baro-
clinic instability.? Notice that the Eady growth rate is proportional to
AU|L,, where AU denotes the shear velocity between the two verti-
cal layers. The normalization used here is thus analogous to one using
the deformation radius and baroclinic shear.

For the present model, a bulk deformation radius can be defined

as
Vghe
it

(L] = (7)

with the averages defined as before. g’ = gA p/p is the reduced grav-
ity for the layer interface, and h, = hihy/(hy + hy) is the equivalent
depth scale for the baroclinic mode. A bulk Eady growth rate can be

2 In the two layer model, the super-criticality of the system to baroclinic instability
generally depends on fLy/0 gqqy, as well as the ratio between the upper and the lower
layer depth, which is held constant here (e.g., Nakamura and Wang, 2013). As argued
by Flierl (1978), the two mode interpretation of the two-layer model suggests that the
layer depth ratio may be interpreted as the surface intensification of the stratification.
The role of this parameter has been discussed by Arbic and Flierl (2004).

where H is the total depth.> A summary of all the derived quantities
defined in this paper is given in Table 1.

Fig. 5b shows the eddy diffusivity normalized by Lﬁag, as a func-
tion of L¢/Ly. We first note that the normalized eddy diffusivity varies
at least as widely over the considered set of simulations as the dimen-
sional eddy diffusivity, suggesting that the deformation radius and
Eady growth rate alone do not explain much of the variability. The de-
pendence of the normalized eddy diffusivity on the normalized drag
is similar to what is observed without the normalization: the diffu-
sivity mostly increases with reduced drag (larger Ly/Ly), though the
smallest diffusivities are found in the weak-drag limit of the simula-
tions with doubled planetary vorticity gradient (black squares) and
halved Coriolis parameter (grey diamonds).

The simulations considered here can be grouped into four dif-
ferent sets based on their non-dimensional planetary vorticity gra-
dient, or super-criticality. Due to the fast zonal mean restoring, the
layer depths and slope of the layer interface change little over the
considered range of simulations, so that to a reasonably good ap-
proximation B« = BLy/0gqq, o B/f. Changes in the density contrast
thus have little impact on g*. A doubling of 8 or halving of f both
lead to a doubling of 8*, while a doubling of f or halving of 8 both
lead to a halving of g*. B* is zero for the simulations with g = 0.
Fig. 5b shows that simulations with large 8* (weak super-criticality)
generally have weaker eddy diffusivities, while simulations with
small B* (strong super-criticality) have larger eddy diffusivities, for
similar values of the normalized drag. Most of the variability in the
eddy diffusivity appears to be explained by the two non-dimensional
parameters - particularly for strong and moderate drag. However, at
weak drag there remain significant discrepancies between the eddy
diffusivities of simulations with almost identical non-dimensional
parameters. These discrepancies are likely primarily due to spatial in-
homogeneities — we will return to this issue below.

The dependence of the normalized eddy diffusivity on the super-
criticality is in qualitative agreement with many previous studies (e.g.
Held and Larichev, 1996; Thompson and Young, 2007; Jansen and
Ferrari, 2013). The dependence of the normalized eddy diffusivity

3 There is some arbitrariness as to what depth scale to use to estimate the Eady
growth rate, which has originally been defined only for a fluid with constant stratifi-
cation - which is roughly analogous to a two-layer setup with equal layer depth (Flierl,
1978). The definition here was chosen such that the energy extraction associated with
an interface height diffusion generally scales with the interface height diffusivity times
O'EZ (see Section 4). Since all layer depths are held constant in the simulations discussed
here, alternative definitions would only impact constant factors.
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very large diffusivity estimates.

on the frictional drag qualitatively resembles the results reported by
Thompson and Young (2007), who find that the eddy diffusivity de-
creases with increasing drag for moderately and highly supercritical
mean states, while the eddy diffusivity increases with drag for weakly
supercritical mean states. This qualitative similarity comes despite of
the use of a linear friction in Thompson and Young (2007), where the
non-dimensional drag coefficient is computed as the ratio of the drag
rate to the Eady growth rate.

3.4. The mixing length

Eq. (4) formulates an eddy diffusivity in terms of the EKE and a
mixing length. To isolate the question of what sets the mixing length,
we compute estimates of the eddy diffusivity based on the diag-
nosed EKE, and various formulations for the mixing length. Since the
eddy interface height diffusivity is expected to be controlled by the
barotropic flow, estimates are computed as

K= [Et]1/2LmiXs (9)

where E; denotes the barotropic EKE, and different quantities will
be chosen for the mixing length. Using the total EKE instead of the
barotropic component yields qualitatively similar results, but the best
fit to the observed eddy diffusivity shows somewhat more spread.

Fig. 6 tests Eq. (9) using four different formulations for the eddy
mixing length: 1) the total width of the baroclinic region, Lgc (Green,
1970; Visbeck et al., 1997), 2) the baroclinic deformation radius, L,
(Stone, 1972), 3) the frictional halting scale, L¢ (Grianik et al., 2004;
Held, 1999), and 4) the Rhines scale, Lg, (Held and Larichev, 1996;
Rhines, 1979). Due to the fast zonal-mean interface height restoring,
Lgc is here well approximated by a constant: Lgc = 800 km. A constant
mixing length is also commonly used in climate model implementa-
tions of the Visbeck et al. (1997) parameterization (e.g., Farneti and
Gent, 2011). The Rhines scale is computed based on the diagnosed
barotropic EKE: [Lg] = [E;]'/4B~1/2.

Fig. 6 a, suggests that the barotropic EKE by itself is a useful pre-
dictor of the eddy diffusivity, but the combination with a constant
mixing length appears to underestimate the dependence of the eddy
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diffusivity on the EKE level. Replacing the mixing length with the de-
formation radius worsens the fit, suggesting that L; is not a useful
predictor of the mixing length (Fig. 6b). The frictional scale, Ly, ap-
pears to over-estimate the sensitivity of the eddy diffusivity to the
bottom drag (Fig. 6¢).

A very good fit is obtained for most simulations if the mixing
length is chosen as the Rhines scale (Fig. 6d). Some limitations re-
main in the limit of very low friction and in the weakly super-critical
simulations with small fy or large 8, which show lower eddy dif-
fusivities than predicted. In these limits the eddies tend to spin up
strong barotropic jets, with large associated horizontal shears. It ap-
pears that these shear flows suppress baroclinic instability and eddy
mixing as discussed by James and Gray (1986), who dubbed this effect
the “barotropic governor”. The results of Zurita-Gotor (2007) suggest
that this effect might be captured by including the barotropic vortic-
ity gradient of the zonal mean flow in the definition of a generalized
B. A predictive theory which incorporates this generalization would
require a theory for the vorticity of the barotropic jets, which is be-
yond the scope of this study. More generally the Rhines scale here
provides an upper bound on the mixing length. The Rhines scale,
however, provides no bound for the mixing length in the limit of
B — 0, where Ly — oo. This makes clear that some other process must
halt the cascade and control the mixing length in this limit. In the fol-
lowing sub-section we will argue that, in the absence of a planetary
vorticity gradient, the mixing length is ultimately limited by friction.

Before proceeding to the limit case of 8 = 0, we shall note that
for our simulations with 8 > 0 the Rhines scale represents a better
approximation for the mixing length than the eddy length scale itself,
as diagnosed from the first moment of the EKE spectrum (not shown).
This is in qualitative agreement with previous studies, who pointed
towards the difference between the mixing and eddy length scales
(Thompson and Young, 2007; Ferrari and Nikurashin, 2010; Klocker
and Abernathey, 2014).

The f-plane limit

In the f-plane limit (8 = 0), barotropic turbulence theory predicts
that quadratic bottom drag halts the inverse EKE cascade when L = Ly
(Grianik et al.,, 2004; Held, 1999). However, as shown in Fig. 6¢, Ly
over-estimates the dependence of the mixing length on the bottom
friction in all simulations, including those with 8 = 0. The reason ap-
pears to be primarily related to the fact that the bottom flow decou-
ples from the barotropic flow component, thus reducing the impact
of changes in the frictional drag.

The frictional arrest scale can be derived by equating the energy
flux in the barotropic inverse EKE cascade with the frictional dissipa-
tion. The EKE flux in the barotropic cascade may be argued to scale
as V3 /Larr (e.g. Larichev and Held, 1995), where V; is the character-
istic barotropic eddy velocity and Ly is the arrest scale. Eq. (3) in
turn suggests that the frictional dissipation (per unit depth) scales as
C4V3/H ~ V2 /Ly, where Vj, is the eddy velocity in the lower layer. In a
purely barotropic flow V, =V, and thus Lgrr ~ Lg(Grianik et al,, 2004).
For a baroclinic flow, the argument suggests a more general frictional
arrest scale

[Larr] = ([Et]/[Eb])B/zLﬁ (10)

As shown in Fig. 7, this modified arrest scale provides a better esti-
mate for the mixing length than L;. The dependence of the eddy dif-
fusivity on the bottom drag, however, still appears to be somewhat
overestimated. This is likely due to additional losses of EKE, mostly
by turbulent advection out of the central jet region, particularly at
low friction. This additional energy loss invalidates the assumption
of a local balance between the energy cascade rate and the frictional
dissipation, which is the basis for the derivation of Eq. (10).

Larichev and Held (1995) proposed to equate the inverse EKE cas-
cade rate with the generation of EKE (rather than the frictional dis-
sipation rate). The generation of EKE is given by Eq. (2), which, with
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Fig. 7. Bulk eddy diffusivity against estimates based on a mixing length argument:
Kest ~ E;"*Lynix, for the simulations with B = 0. Three different choices have been used
for the mixing length: Ly ~ Ly, Liix ~ ([E¢l/[Ep])*/*Ly, and Lyyy ~ Ly = [E(]'?[0g] - see
text for an explanation of the different length scales. For each case the constant factor
has been chosen to match the data.

the definition of the Eady growth rate in Eq. (8), suggests a genera-
tion rate proportional to KGEZ. If K ~ LV}, a balance between the EKE
generation and the cascade rate, V2/L, implies a length scale

[Liy] = [E ][] (11)

As shown in Fig. 7, Eq. (11) provides a good approximation for the
effective mixing length in the limit of 8 = 0. For finite g, Eq. (11) gen-
erally over-estimates the mixing length (not shown), suggesting that
Ly provides another upper bound for L.

Larr and Ly are identical if the EKE generation and frictional dissi-
pation balance locally (as will be assumed in Section 4), because both
are derived from a balance of the generation/dissipation rate and the
scaling for the EKE cascade rate, Vr3 /L. Even though Eq. (11) shows no
explicit dependence on the bottom friction, the mixing length is then
limited by bottom friction, with the latter entering indirectly in (11),
via the dependence on the EKE.

Comparison of Ly with the Rhines scale, Lg, suggests a transi-
tion between the f-plane regime and the Rhines scale limited regime
when 8 ~ azEt‘l/z. Again, a dependence on the bottom friction is im-
plied via the dependence on E;. We will see in Section 4 that for all our
simulations with 8 > 0 the Rhines scale remains the limiting factor
in controlling the mixing length.

3.5. Bottom flow and barotropic EKE

The EKE budget discussed in Section 2 shows that it is only the
EKE near the bottom which enters in the frictional dissipation of
mesoscale EKE. The results in Section 3.4 instead show that it is the
barotropic component of the eddy velocity which is most important
in determining the eddy diffusivity. In this section we discuss what
sets the bottom- and barotropic-fraction of the EKE. In general we ex-
pect that the inverse energy cascade acts to accumulate energy in the
barotropic mode, which then also dominates the bottom flow. Fric-
tional drag, however, will inhibit this barotropization by selectively
dissipating EKE in the bottom layer. We will therefore hypothesize
that most of the variability in the bottom- and barotropic-fraction of
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Fig. 8. (a) Ratio of EKE in the bottom layer to vertically averaged EKE, as a function of the frictional parameter L¢/Ly. The solid line shows [E,]/[E] = (1 + ¢} (Lf/[Lg,])*1 )=4/5, where
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barotropic mode EKE, as a function of the frictional parameter L/L4. The solid line shows the ratio of the two fits in (a) and (b). The dashed line shows [E,]/[E;] ~ (Ls/[L4])'/*. The
markers used for the different sets of simulations are as in Fig. 5. Notice the different scales for the y-axis in Figs. (a)-(c).

EKE can be explained by variations in the non-dimensional frictional
drag parameter, Ly/Ly.

Fig. 8a shows the ratio of EKE in the bottom layer to the vertically
averaged EKE. The ratio varies by over an order of magnitude from
less than 0.1 for some of the simulations with the strongest friction
(i.e. smallest L¢/Ly) to just under 1 for some of the simulations with
the weakest friction (i.e. largest Ly/Ly). The frictional parameter, /Ly,
explains most of this variability, though some spread remains, partic-
ularly at weak friction. Arbic and Scott (2008) derive scaling relations
for homogeneous 2-layer f-plane geostrophic turbulence in the limit
of strong quadratic bottom drag. For small L¢/L, their predictions im-
ply that E, [E ~ (Lf/Ld)4/5. In the limit of large L¢/L, (i.e. weak drag), we
may expect EKE to be dominated by the barotropic mode and thus
Ep/E — 1. To mimic this behavior, we propose a functional relation of
the form

[E,] (L) "?
- <1+chf> , (12)

where the constant ¢, is chosen to match the simulations in the limit
of strong drag. As shown in Fig. 8a, Eq. (12) provides a reasonable fit
to the results of the simulations. In the simulations with large 8* (i.e.
those with doubled $ or halved f;) the ratio of the bottom layer to
total EKE appears to converge to a value smaller than one in the limit
of weak friction, so that Eq. (12) more generally provides an upper
bound for the bottom fraction of EKE. The weaker bottom signature
in the simulations with large §* is not unexpected, since the plane-
tary vorticity gradient imposes an asymmetry between the layers and
acts to inhibit the energy cascade (and thus barotropization). For sim-
plicity we will here not attempt to quantify this additional effect on
the vertical structure of the EKE.

Fig. 8 b shows the ratio of the EKE in the barotropic mode to the to-
tal (i.e. vertically averaged) EKE. The fraction of EKE in the barotropic
mode varies less strongly than the bottom flow fraction over the con-
sidered range of simulations, ranging from about 1/3 for the simula-
tion with the smallest L¢/Lg (i.e. strongest drag) to just under 1 in the
limit of weak drag. Again, the variability of the barotropic EKE frac-
tion over the considered range of simulations appears to be largely
captured by changes in L¢/Ly. For relatively large drag, the fraction of
EKE in the barotropic mode appears to scale well with (Lf/Ld)”“. We

did not find a satisfactory theoretical explanation for this behavior.
Indeed in the limit of very large bottom drag, one may expect the
EKE in the bottom layer to become negligible compared to the upper
layer EKE (e.g. Arbic and Scott, 2008), in which case one can show
that E;/E — h;/H = 1/4 for the configuration used here. This limit,
however, does not appear to be reached in the present simulations.
Based on the empirical power-law scaling found for strong frictional
drag, and the expectation that E;/E — 1 in the limit of weak drag, we
propose a functional relation of the form

~1/4
[E] [Ly]
E-(reeld) "

where the constant c¢; is again chosen to match the simulations with
strong drag. As shown in Fig. 8b, Eq. (13) provides a reasonable fit
to the results of the simulations. In the simulations with large g*,
the ratio of barotropic to total EKE again appears to converge to a
value somewhat smaller than one in the limit of weak friction - the
expected reasons for which are as discussed above.

In Section 4 we will attempt to derive a scaling relation for the
eddy diffusivity, assuming a local and instantaneous energy balance.
As has been noted by Cessi (2008), the total EKE then drops out, and
we only require a scaling relation for the ratio of the EKE near the
bottom to the barotropic EKE. Cessi (2008) assumed that this ratio
is close to one, arguing that the bottom flow is expected to be domi-
nated by the barotropic mode. The results here, however, suggest that
the bottom EKE fraction is more sensitive to changes in the frictional
parameter than the barotropic mode EKE fraction. Fig. 8c shows the
ratio of EKE in the bottom layer to EKE in the barotropic mode. We
find that this ratio varies considerably, ranging from less than 0.2
for the simulation with the smallest L¢/L, (i.e. strongest drag) to just
under one in the limit of weak drag. The explanation for the much
stronger decline of the bottom flow (as compared to the barotropic
mode) in the limit of large drag may be understood as “baroclinic
shielding”. The flow in the limit of very strong drag is strongly in-
tensified in the upper ocean. While this upper ocean flow projects
significantly onto the barotropic mode, the flow may be vanishingly
small near the bottom. The baroclinic mode component in this limit
acts to increase the amplitude near the surface while cancelling the
amplitude in the deep ocean, thus “shielding” the flow from the
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bottom drag. This in-phase coupling between the barotropic and
baroclinic modes has been found in observations and ocean state es-
timates (Miiller and Siedler, 1992; Wortham, 2013; Wunsch, 1997).

Ep/E; is simply the ratio of the quantities shown in Figs. 8a and b,
and as a result is reasonably approximated by the ratio of the two fits
in Egs. (8) and (13) (Fig. 8c).

4. The eddy diffusivity from a local EKE balance

The relations derived in Sections 2, 3.4, and 3.5 provide a recipe
for the formulation of an eddy parameterization, based on a pre-
dictive sub-grid EKE budget equation. The predictive EKE budget-
based closure will be discussed in a follow up paper. Here, we instead
want to consider the implications of the preceding arguments for the
eddy diffusivity assuming a (spatially and temporally) local energy
balance.

Under the assumption of a local balance between EKE generation
by baroclinic instability and sub-grid EKE dissipation, Eq. (1) becomes

Efric = EGM- (14)

From Eq. (2) and the definition of the Eady growth rate (Eq. 8), it
can be seen that Egy ~ KoZ ~ Etl/sz,-xab?. From Eq. (3), and assum-
ing that the bottom flow is dominated by the eddies themselves, one
obtains a scaling relation for the frictional dissipation rate as E fric ~

L}’Eg/z. Eq. (14) thus suggests a scaling relation for the barotropic
EKE as

Ee ~ ¥y 3 2LLnixo . (15)

where we defined y = E, [E;.

Inserting Eq. (15) into the scaling relation for the eddy diffusivity
(Eq. 9) yields
K~y L2 o (16)
As discussed above, the derivation of a closed scaling relation for
the eddy diffusivity, requires arguments for the bottom fraction of
EKE, y, as well as the mixing length, L. For easy comparison to
previously proposed scaling relations, we are here interested in the
derivation of simple power-law relations for the eddy diffusivity, even
if they may be valid only over a limited parameter regime. Instead
of using the full semi-empirical relation for y, given by the ratio of
Egs. (8) and (13), we will thus simply approximate y ~ (Lg/Ly)!?,
which captures most of the variability of y outside of the limit of
very low bottom friction (Fig. 8¢). For the mixing length, we want to
consider two different limits: Ly,;, ~ Lg ~ B~1/2E//*, which in Section
3.4 was found to be appropriate for simulations with non-zero f, and
Liix ~ Lig ~ Eg/za;, which in Section 3.4 was found to be appropri-
ate in the limit where 8 = 0. Both scales provide upper bounds for
the mixing length.

If we assume L, ~ Lg ~ ,3*1/25[1/4 we can use Egs. (15) and (16)
to obtain

K~ By Liof ~ B7'L°L%0f. (17)
Assuming instead that L, ~ L;y yields
K~ y3Leog ~ LiLy0%. (18)

Eq. (18) could have alternatively been derived using the effective fric-
tional arrest scale from Eq. (10) as the mixing length, i.e. Ly ~ Larr ~
y 3L ~ LY2L}/%. As discussed in Section 3.4, Loy and Ly are iden-
tical if a local balance is assumed between EKE generation and fric-
tional dissipation. Notice that the frictional arrest scale is found to
ultimately depend on both Ly and Ly, because the bottom flow frac-
tion y is a function of Ls/Lg.

Since both L and L; provide upper bounds for the mixing length,
we can more generally define L,;;, = min(Lg, L;y), which suggests a
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Fig. 9. Eddy diffusivity plotted against the scaling relation in Eq. (19). The markers
used for the different sets of simulations are as in Fig. 5. The red markers here denote
simulations in which the kinetic energy of the zonal mean flow in the bottom layer
exceeds 50% of the EKE (see text). (For interpretation of the references to colour in this
figure legend, the reader is referred to the web version of this article.)

scaling relation for the eddy diffusivity as
Kest = min (cg ﬂflL}/z[Ld]m[UE]zs ce Ly[LalloE] ). (19)

Eq. (19) is tested in Fig. 9, with the constants cg = 0.06 and ¢ = 0.7
chosen such that the respective scaling relations provide overall up-
per bounds for the observed eddy diffusivity. As already indicated by
Fig. 6¢, the Rhines scale limits the mixing length in almost all simula-
tions except when 8 = 0. The second limiter in Eq. (19) thus becomes
important here only for the simulations with 8 = 0.

The scaling relation in Eq. (19) provides a reasonable fit to the
observed eddy diffusivities over most of the considered simulations.
However, Eq. (19) over-estimates the eddy diffusivity in simulations
with weak supercriticality and at weak friction. A qualitatively sim-
ilar behavior was discussed in Section 3.4, where we found that the
Rhines scale tends to overestimate the mixing length in these lim-
its. This shortcoming is amplified in the closed scaling relation for
the eddy diffusivity, because the over-estimated mixing length also
leads to an over-estimate of the EKE. In addition, shortcomings to
the energy budget become apparent in this limit. The energy budget
in Eq. (14) assumes that all energy is dissipated locally in the form
of EKE. In the limit of weak supercriticality and weak friction, how-
ever, a significant part of the EKE gets transformed into zonal jets,
which do not contribute to meridional mixing, but provide an addi-
tional sink for EKE. Since the energy transferred to the mean flow is
eventually dissipated by frictional drag acting on the mean KE, the
relative influence of this contribution can be measured by consid-
ering the ratio of mean flow KE to EKE in the bottom layer. Simu-
lations where the mean KE in the bottom layer exceeds 50% of the
EKE are marked in blue in Fig. 9. The results suggest that transfer and
eventual dissipation of KE in the mean flow does not appear to be
a dominant contributor in most simulations, but does become im-
portant in the simulations with the largest misfits. Additional limita-
tions of the local energy budget argument considered here arise from
the inhomogeneity of the domain. Specifically, advection of EKE out
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Fig. 10. Comparison of various scaling relations for the eddy diffusivity, tested against the results of the numerical simulations performed for this study. (a) The scaling relation of

Green (1970) (Eq. (20)). (b) The scaling relation of Stone (1972) (Eq. (21

)). (c) The scaling relation of Held and Larichev (1996) (Eq. (22)). (d) An adaptation of the scaling relation

implied in Marshall and Adcroft (2010) for quadratic bottom drag (Eq. (23)). (e) An adaptation of the scaling relation of Cessi (2008) for quadratic bottom drag (Eq. (24)). Panel (f)
shows the relation proposed here (Eq. (19)) for easy comparison. The markers used for the different sets of simulations are as in Fig. 5. The bold green markers denote simulations
with a fixed drag coefficient, Gy = 5 x 10-3. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)

of the central jet region can lead to a significant additional loss of
energy.

4.1. Comparison to previous work

In this section we will compare our results to some previously de-
rived relations for the mesoscale eddy diffusivity. The classical scal-
ing arguments proposed by Green (1970), Stone (1972), and Held and
Larichev (1996) can all be derived from a balance between the ex-
traction of potential energy from the mean flow (Eq. 2) and the en-
ergy flux in the inverse cascade ~ E?/ 2 /Limix (Larichev and Held, 1995).
The difference between the three formulations arises from different
choices for the mixing length - the width of the baroclinic zone in
Green (1970), the deformation radius in Stone (1972), and the Rhines
scale in Held and Larichev (1996). The resulting scaling relations are

Kero = ceroliclo] (20)
Ks72 = csplLg)?[oE] (21)
Kuio6 = Crros B~ 20r ] (22)

The scaling relation of Green (1970) (Eq. 20) is identical to the ap-
proach proposed by Visbeck et al. (1997) which is now commonly
used in ocean circulation models (e.g., Farneti and Gent, 2011).

The scaling relations in Eqs. (20)-(22) are tested in Fig. 10a-c. The
constant coefficients are chosen to match the data: cg79 = 4 x 1073,
Cs7p = 4.5 and cy96 = 0.15. By construction, none of the scaling re-
lations predicts a dependence on the bottom friction, which makes
them unable to reproduce the dependence of the eddy diffusivity on
the frictional drag. The scaling relations of Green (1970) and Stone
(1972) are also unable to reproduce changes in the eddy diffusivity as-
sociated with other parameter variations. The scaling relation of Held
and Larichev (1996) (Eq. (22)), on the other hand, does capture the
bulk of the variation in the eddy diffusivity associated with changes
in other external parameters. This is in agreement with the results
of Section 3.4, which suggested that the Rhines scale adequately cap-
tures the mixing length in most simulations. The results in Fig. 10 em-
phasize the role of bottom friction, which, for quadratic drag, enters
via the frictional length scale, Ly ~ H/Cp. The frictional length scale is
varied by over two orders of magnitude in our simulations (since we
are interested specifically in illuminating the role of bottom friction),
while other parameters are varied over at most a factor of four. Over
most of the ocean, however, Ly is expected to vary relatively little, so
that the scaling relation of Held and Larichev (1996) may perform
well for practical purposes.

The mesoscale EKE budget proposed by Eden and Greatbatch
(2008) assumes a dissipation rate of EKE independent of bottom drag.
Instead the loss of EKE is again assumed to be proportional to the in-
verse energy cascade rate E3/2/L,,;,. Eden and Greatbatch (2008) then
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choose L,;;, to scale with the deformation radius in mid-and high lat-
itudes, and with the Rhines scale at low latitudes. Assuming a local
energy balance, this yields the scaling relation of Stone (1972) (i.e.
Eq. (21)) in mid- and high latitudes, and the scaling relation of Held
and Larichev (1996) (i.e. Eq. (22)) at low latitudes

The models used in Cessi (2008) and Marshall and Adcroft (2010)
applied linear friction, which prevents a direct comparison of their
energy budget to our results. However, the fundamental assumptions
that go into the derivation of their energy budget-based closure are
similar to the ones here, except for the assumptions for the bottom
fraction of the EKE, y, and the mixing length L,,;,. Both Cessi (2008)
and Marshall and Adcroft (2010) choose* y = 1. Marshall and Ad-
croft (2010) use a constant mixing length, while Cessi (2008) assumes
Limix = Ly- Plugging these assumptions into Eq. (16) suggests

Kyato = L?/zL}/ZIUE] (23)

Kcog = Ccos[Ld]B/zL}/z[UE] (24)

The scaling relations in (23) and (24) are tested against the results
of the simulations in Fig. 10d and e, with L. = 30 km and cog = 1.9
chosen to match the results of the simulations. Coincidentally, both
scaling relations predict the same dependence on the frictional scale,
Ly, as found in Eq. (17), which was derived using y ~ (L;/Ly)'?* and
Linix ~ Lg. This similarity can be explained by canceling effects: while
the use of a constant y increases the dependence of the eddy diffu-
sivity on the bottom friction, the use of a friction-independent mixing
length decreases the sensitivity of the eddy diffusivity on the fric-
tional drag. (The Rhines scale indirectly depends on bottom friction,
via its dependence on EKE.) The dependences of both K4 and Kg on
other parameters, however, differ from Eq. (17), and generally match
the simulations less well. The best overall fit is obtained with the pa-
rameterization proposed in this study (Eq. (19)).

The scaling relations in Eqgs. (20),(21),(23) and (24), all suggest
a linear dependence of the eddy diffusivity on the Eady growth
rate, and thus the baroclinicity. This property is a direct conse-
quence of their lack of dependence on S, which here provides the
only time-scale in addition to the Eady growth rate. Using the non-
dimensionalization discussed in Section 3.3, the eddy diffusivity pa-
rameterizations in (20),(21),(23) and (24) are all independent of 8*,
or supercriticality. The parameterization of Held and Larichev (1996)
(Eq. (22)) implies a quadratic dependence on the supercriticality,
and thus a cubic dependence on the baroclinicity, while the pa-
rameterization proposed here implies a linear dependence on the
supercriticality, and thus a quadratic dependence on the baroclin-
icity, as long as the mixing length is limited by the Rhines scale
(Eq. (19)). Fig. 5b shows that the normalized eddy diffusivity does
generally depend on the supercriticality, with the eddy diffusivity
increasing for larger supercriticality (i.e. smaller §*). This depen-
dence is weakest for strong drag and strong supercriticality, and
strongest for weak drag and weak supercriticality. As a result, Eq. (22)
and Eq. (19) best capture the dependence of the eddy diffusiv-
ity on parameters that affect the supercriticality. The parameteri-
zation proposed in this paper (Eq. (19)) best captures this depen-
dence for relatively strong drag and/or strong supercriticality, while
the parameterization of Held and Larichev (1996) (Eq. (22)) bet-
ter captures this dependence for relatively weak drag and/or weak
supercriticality.

4 The numerical simulations discussed in Marshall and Adcroft (2010) are
barotropic, which makes y = 1 the obvious choice. Notice also that the argument in
Marshall and Adcroft (2010) differs from the presented approach in that they use a dif-
fusive closure for the PV flux, instead of the interface height or buoyancy flux. Marshall
and Adcroft (2010) show that the use of an energy budget-based closure for the eddy
PV flux naturally yields some of the stability properties of quasi-geostrophic flows. This
is promising and expected to be of importance particularly in the presence of topogra-
phy, where the implications of PV vs. interface-height diffusion can be quite different.

5. Discussion

Our results imply that over most of the analyzed parameter
regime the mixing length is limited by the Rhines scale. However,
EKE is dissipated primarily by bottom friction, with only a relatively
small part being transferred into eddy-driven jets. To our knowledge
such a regime has not been studied systematically in a homogeneous
2D turbulence model. Instead, it is typically assumed that the mixing
length is either controlled by bottom friction, in which case 8 does
not enter the scaling for the eddy diffusivity, or by 8, in which case
bottom friction does not enter scaling arguments for the eddy diffu-
sivity (e.g. Galperin et al., 2010). Smith et al. (2002) derive a scaling
relation for the eddy diffusivity in 2D S-plane turbulence with lin-
ear drag, under similar assumptions as used here (i.e. a mixing length
constrained by the Rhines scale but an eddy energy level limited by
bottom friction). However, the simulations discussed in Smith et al.
(2002) mostly cover the limit of very weak friction, where a differ-
ent diffusivity scaling applies. Moreover, we are not aware of any sys-
tematic studies of 2D or QG f -plane turbulence in the presence of
quadratic bottom drag.

It was argued here that the non-dimensional parameter governing
the role of friction is given by the ratio of the frictional length scale,
Ly = H/Cy, to the deformation radius, Ly. Assuming a drag coefficient
C;4 ~ 3 x 1073 (as used in the MOMS6 global model), a typical depth of
the ocean H ~ 4 km, and deformation radii on the order of L; ~ 10-
100 km, suggests L¢/Ly ~ 10-100. Somewhat larger frictional drags
(corresponding to smaller L¢/L;) may loosely be justified as a crude
representation of the effects of rough bottom topography. These con-
siderations suggest that much of the real ocean is likely in the inter-
mediate drag regime, between the "weak” and "strong” friction limits
seen e.g. in Fig. 8. The placement of the ocean in a regime of "inter-
mediate drag”, where neither of the typical strong or weak drag limit
arguments apply, is also in agreement with the results of Arbic and
Flierl (2004).

The scaling relation derived here breaks down for simulations
with weakly supercritical mean states and at low frictional drag. In
this limit the eddies spin-up strong barotropic jets whose strong
shear can suppress eddy mixing via a “barotropic governor” mecha-
nism (James and Gray, 1986). The results of Zurita-Gotor (2007) sug-
gest that this effect may be captured at least partially by including
the curvature of the barotopic flow into a generalized definition of
the Rhines scale, but this approach was not tested here. The transfer
of KE to the mean jets also represents an additional sink of mesoscale
EKE. This KE transfer is directly related to the idea of “backscatter” of
EKE to the resolved flow (e.g. Jansen and Held, 2014), and could po-
tentially be included in a generalized implementation of the sub-grid
EKE budget. The barotropic governor regime is unlikely to be relevant
over most of the real ocean, but may be important in localized jets,
such as the gulf stream or Kuroshio extension.

It is likely that the Rhines effect, i.e. the transition from turbulence
to waves when the Rhines scale is reached, is modified in the real
ocean by the presence of topography. Assuming that the barotropic
mode remains most relevant for eddy mixing of the ambient baro-
clinicity, one may argue that the Rhines scale should more generally
be replaced by an “effective Rhines scale”, where £ is modified to in-
clude the effect of topographic slopes on the barotropic PV gradient.
Such an approach has been used with some success by Grooms et al.
(2014). A more detailed investigation into the effects of topography is
much-needed.

The ratio of the barotropic EKE to bottom EKE, which was argued
to be important in controlling the frictional dissipation of EKE, was
found to change primarily with the normalized frictional length
scale, Ly/Ly. In a continuously stratified ocean Lg/Ly ~ Cglf/N. For
a constant bottom drag coefficient (as typically assumed in ocean
models), our results thus suggest that the bottom fraction of EKE in-
creases with f/N. This qualitative dependence may be expected, as the
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ratio f/N is commonly understood to set the aspect ratio of eddies
in the ocean. A large Coriolis parameter thus will cause more
barotropic eddies, extending to the bottom of the ocean, while
strong stratification allows for more surface-intensified eddies with
less bottom signature. Ocean observations further appear to point
towards stronger barotropization in generally more energetic regions
(Wunsch, 1997). This behavior is not expected to be captured ade-
quately by the proposed scaling relation. Instead, such an observation
might point towards the necessity to include a dependence of the
bottom-flow fraction on the super-criticality. Topography is also
likely to be important in governing the vertical structure of the
EKE in the real ocean (e.g., Barnier and Le Provost, 1993; Hallberg,
1997). Some effects of rough bottom topography may be expected
to broadly resemble those of enhanced bottom drag, but the effect
of larger scale topographic features is expected to be qualitatively
different from enhanced frictional drag. As with the effect of topog-
raphy on the mixing length, further investigation into the effects of
topography on the vertical structure of eddies is much-needed.

Eddy flux closures that depend on a mesoscale EKE budget natu-
rally rely on an adequate representation of the sink of mesoscale EKE.
In the model considered here, kinetic energy is dissipated almost en-
tirely by quadratic bottom friction. Viscous dissipation removes en-
strophy, but little energy, due to the lack of a forward energy cas-
cade (see also Jansen and Held, 2014). Unfortunately, the pathways
to dissipation of mesoscale EKE in the real ocean are still poorly un-
derstood (Ferrari and Wunsch, 2009; Wunsch and Ferrari, 2004). Ad-
ditional potential pathways to dissipation include the generation of
lee waves over rough topography (which eventually break and dis-
sipate their energy - e.g., Nikurashin and Ferrari, 2011), loss of bal-
ance in fronts near the surface (which can lead to a forward cascade
and eventual dissipation - Molemaker et al., 2010), interactions with
internal waves (e.g., Polzin, 2008; Arbic et al., 2013), losses at the
western boundaries (e.g., Zhai et al., 2010), and negative wind work
(Ferrari and Wunsch, 2009, and references therein). In addition to the
shortcomings mentioned before (primarily associated with the role
of topography), the pathways of mesoscale EKE to dissipation in the
real ocean require further attention. The parameterization proposed
here provides a framework which can be extended to include any of
these additional processes, once their parametric dependence on the
mean flow and EKE field are understood.

6. Summary and conclusions

We discuss the use of a mesoscale eddy kinetic energy budget for
the derivation of a scaling relation for the eddy interface height dif-
fusivity or GM coefficient. We show that the success of any energy
budget-based parameterization will depend fundamentally on an ad-
equate formulation for the mixing length, as well as an adequate rep-
resentation of the “bottom signature” of EKE, which is important in
determining the amount of frictional dissipation.

For most of the simulations discussed here, the mixing length is
very well approximated as proportional to the Rhines scale. This as-
sumption naturally breaks down in the limit of zero 8, where instead
the energy cascade is arrested by bottom friction. The frictional arrest
scale, however, is less sensitive to bottom friction than predicted by
barotropic turbulence theory, due to the upper-ocean intensification
of EKE.

Eddy mixing is primarily accomplished by the barotropic eddy
component, while dissipation is governed by the flow near the bot-
tom, which makes the ratio of the barotropic to bottom EKE impor-
tant in the formulation of an energy-budget based eddy diffusivity.
The ratio of the barotropic EKE to bottom EKE was found to change
primarily with the normalized frictional length scale, Ly/L4. As the ef-
fect of bottom drag is increased, eddies tend to become intensified
in the upper ocean with weak bottom signatures. In this configura-

tion, the baroclinic part of the flow effectively “shields” the barotropic
mode from the effects of bottom friction.

The EKE budget discussed in Section 2, together with the results
for the mixing length and bottom fraction of EKE from Sections 3.4
and 3.5, provides a general recipe that can be used to formulate an
eddy closure based on a prognostic sub-grid mesoscale EKE budget.
A local prognostic EKE budget, based on these results, is currently
being implemented in GFDL’s ocean model, and is expected to be
the topic of a follow-up paper. Here we instead estimate the EKE
budget-based eddy diffusivity, assuming a temporally and spatially
local EKE balance. The resulting scaling relation (Eq. (19)) provides an
adequate fit for most of our simulations. Eq. (19) outperformed var-
ious scaling relations that have been proposed previously, including
the one proposed by Green (1970) and Visbeck et al. (1997), which
is commonly used in ocean models. The scaling relation of Held and
Larichev (1996) adequately captures the dependence of the eddy dif-
fusivity on various mean flow parameters, while it is by construction
unable to represent the dependence on the bottom friction.

The general results found here are in agreement with those found
in quasi-geostrophic models (e.g. Larichev and Held, 1995; Held
and Larichev, 1996; Pavan and Held, 1996; Lapeyre and Held, 2003;
Thompson and Young, 2007). Further study of the dependence of
eddy fluxes on frictional dissipation within a QG framework is thus
expected to provide valuable insights. Since any such model depends
on the parameterization of frictional dissipation, we further need to
better understand the pathways to dissipation in the ocean. Progress
on this question can likely be made using a combination of obser-
vations and high-resolution models, which can explicitly resolve the
processes that lead to loss of balance and eventual dissipation.
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